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ABSTRACT. We prove that every subgroup of p-power index in a right- 
angled Artin group is conjugacy p-separable. In particular, every right- 
angled Artin group is conjugacy p-separable. A consequence of this result is 
that the outer automorphism group of a right-angled Artin group is virtually 
residually p-finite. Another consequence of this result is that the outer 
automorphism group of a right-angled Artin group is /C-residual, where /C is 
the class of all outer automorphism groups of finite p-groups. We also prove 
that the Torelli group of a right-angled Artin group is residually torsion-free 
nilpotent, hence residually p-finite and bi-orderable. 

1 Introduction 

Let r = {V ,E) be a (finite) simplicial graph. The right-angled Artin 
group associated to F is the group Gr defined by the presentation: 

Gr = < V \ vw = wv, V {v,w} £ E >. 

Note that, if T is discrete, then Gr is free, and if T is complete, then 
Gr is free abelian. The rank of Gr is by definition the number of vertices 
of r. A special subgroup of Gr is a subgroup generated by a subset W of 
1/ - it is naturally isomorphic to the right-angled Artin group Gr(vi/) i where 
r(VF) denotes the full subgraph of F generated by W. Let v be a vertex 
of F. The star of v, denoted by star{v), is the subset of V of all vertices 
which are adjacent to v plus v itself. We refer to [Cj for a general survey of 
right-angled Artin groups. 

Not much is known on automorphims of right-angled Artin groups. In 
1989, Servatius conjectured a generating set for Aut{Gr) (see |Ser] ). He 
proved his conjecture in certain special cases, for example when the graph 
is a tree. Then Laurence proved the conjecture in the general case (see [L]). 
Charney and Vogtmann showed that Out{Gr) is virtually torsion-free and 
has finite virtual cohomological dimension (see |CVj ) . Day found a finite pre- 
sentation for Aut(Gr) (see [D])- Recently, Minasyan proved that Out(Gr) is 
residually finite (see [M])- This result was obtained independently by Char- 
ney and Vogtmann (see |CV2j ). using different technics. More recently. Day 
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showed that Out{Gr) is either virtuahy nilpotent or contains a free group 
(see [D3J). 

Let p be a prime number. A group G is said to be residually p-finite if 
for every g G G\{1}, there exists a homomorphism from G onto a finite p- 
group P such that (/'(s) 7^ 1- Note that residually p-finite implies residually 
finite as well as residually nilpotent. For g, h € G, the notation g ^ h 
means that g and h are conjugate. We say that G is conjugacy p-separable 
if for all g, h G, either g ~ /i, or there exists a homomorphism ip from 
G onto a finite p-group P such that ip{g) oo ip(h). Obviously, if a group is 
conjugacy p-separable, then it is residually p-finite. Following Ivanova (see 
[I]), we say that a subset 5 of a group G is finitely p-separable if for every 
g E G\ S, there exists a homomorphism (p from G onto a finite p-group P 
such that (p{g) ^ y(5'). We say that an element g of G is Gf p-separable if its 
conjugacy class, g'^ = {aga'^ \ a S G}, is finitely p-separable. Note that G 
is conjugacy p-separable if and only if every element of G is Cjp-separable. 
Examples of groups which are known to be conjugacy p-separable include 
free groups (see |LSj ) and fundamental groups of oriented closed surfaces 
(see [P]). 

Let G be a group. The pro-p topology on G is defined by taking the 
normal subgroups of p-power index in G as a basis of neighbourhoods of 
1 (see [RZj ) . Equipped with the pro-p topology, G becomes a topological 
group. Observe that G is Hausdorff if and only if it is residually p-finite. 
One can easily prove that a subset 5 of G is closed in the pro-p topology on 
G if and only if it is finitely p-separable. 

Definition 1.1 Let G be a group. We say that G is hereditarily conjugacy 
p-separable if every subgroup of p-power index in G is conjugacy p-separable. 

Hereditary conjugacy p-separability is obviously stronger than conjugacy 
p-separability. 

Our main theorem is the following: 

Theorem 1.2 Every right-angled Artin group is hereditarily conjugacy p- 
separable. 

More generally, let /C be a class of group (e.g., the class of all finite 
groups, the class of all finite p-groups, etc.). We say that a group G is /C- 
residual if for all g G G\{1}, there exists a homomorphism ip from G to some 
group of fC such that <p{g) 7^ 1. Note that if fC is the class of all finite p- 
groups, one study residual p-finiteness. We say that a group G is conjugacy 
JC-separable if for all g, h € G, either g ^ h, or there exists a homomorphism 
(p from G to some group of /C such that ^pig) 00 ip{h). Note that if /C is the 
class of all finite p-groups, one study conjugacy p-separability. In Section 7, 
we prove the following: 
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Theorem 1.3 Every right-angled Artin group is conjugacy IC-separable, whe- 
re tC is the class of all torsion-free nilpotent groups. 

Let V he a group property (e.g., abelian, nilpotent, etc.). A group G is 
said to be virtually V if there exists a finite index subgroup H < G such 
that H has Property V. In Section 7, we prove: 

Theorem 1.4 The outer automorphism group of a right-angled Artin group 
is virtually residually p-finite. 

Theorem 1.5 The outer automorphism group of a right-angled Artin group 
is fC-residual, where fC is the class of all outer automorphism groups of finite 
p-groups. 

Let G = Gy be a right-angled Artin group. Let r be the rank of G. 
We denote by T{G) the kernel of the natural homomorphism Out{G) 
GLr{Tj). We say that T{G) is the Torelli group of G. In Section 7 we prove 
the following. After submitting the first version of this paper, the author 
learned that the following was obtained independently by Wade (see |Wj). 
using different arguments. 

Theorem 1.6 The Torelli group of a right-angled Artin group is residually 
torsion-free nilpotent. 

This implies that the Torelli group of a right-angled Artin group is resid- 
ually ^j-finite for every prime number p and bi-orderable. 

Our proof of Theorem 11.21 is purely combinatorial. It is based on HNN 
extensions (see below for the definition of an HNN extension). The basic 
idea is that a right-angled Artin group of rank r (r > 1) can be written as 
an HNN extension of any of its special subgroups of rank r - 1. Our proof 
was inspired by Minasyan's paper (see fM])- In his paper, Minasyan proved 
that every finite index subgroup in a right-angled Artin group is conjugacy 
separable - that is, right-angled Artin groups are "hereditarily conjugacy 
separable" . To this end, he introduced the centralizer condition and proved 
that a group is hereditarily conjugacy separable if and only if it is conjugacy 
separable and satisfies the centralizer condition. In Section 3, we introduce 
the p centralizer condition which is analog of the centralizer condition in 
[M] . and we prove that a group is hereditarily conjugacy p-separable if and 
only if it is conjugacy p-separable and satisfies the p centralizer condition. 
In Section 4, we prove the following: 

Theorem 1.7 Every extension of a free group by a finite p-group is conju- 
gacy p-separahle. 
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Prom a technical point of view, Theorem 11.71 is the main result of our 
paper. In Section 5, we deal with retractions that are key tools in the proof 
of our main theorem, which is the object of Section 6. 

My gratefulness goes to my Ph.D. thesis advisor, Luis Paris, for his trust, 
time and advice. 

2 HNN extensions 

We start recalling the definition of an HNN extension (see [LSj ). This 
notion of HNN extension will be of great importance in our proof, because, 
as we will see, a right-angled Artin group of rank r (r > 1) can be written 
as an HNN extension of any of its special subgroups of rank r - 1. 

Let H he a group. Then by the notation: 

< H, h,... I r,... >, 

we mean the group defined by the presentation whose generators are the 
generators of H together with h,... and the relators of H together with r,... 

Let -ff be a group. Let / be a set of indices. Let {Ki}i^j and 
be families of subgroups of H and let {ipi : Ki — >■ Li}i^i be a family of 
isomorphisms. The HNN extension with base H, stable letters ti (i G I), 
and associated subgroups Ki and Li (i G I), is the group defined by the 
presentation: 

G = < H,t^ {i £ I) \ tr^ht, = iPiiki), y heKiiie I) >. 

In particular, let H he a group, let K and L he subgroups of H and let 
tjj he an isomorphism from K to L. The HNN extension of H relative to ip 
is the group defined by the presentation: 

G = <H,t\ t-^kt = ip{k), y k e K >. 

Prom now on, we suppose K = L and Tp = idx- In this case, G is called 
the HNN extension of H relative to K: 

G = < H,t\ t-^kt = k,y k e K >. 

Every element of G can be written as a word xof^^xi-.-f^^Xn (n > 0, 
xo,..., Xn G H, oi,..., a„ € Z \ {0}). Pollowing Minasyan (see [M]), we will 
say that the word xot°'^xi...t'^"Xn is reduced if xq G H, xi,..., Xn~i £ H\K, 
and Xn £ H. Every element of G can be represented by such a reduced word. 
Note that our definition of a reduced word is stronger than the definition of 
a reduced word in |LSj . 

Lemma 2.1 (Britton's Lemma) If a wordxQt"'^xi...t°'^Xn is reduced with 
n > 1, then xot"-^xi...t"-^Xn ^ 1- 
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Proof: Proved in [M] . 



□ 



Lemma 2.2 If xot°'^xi...t°'"Xn and yot^^yi...t^"'yjn are reduced words such 
that xot°-^xi...t°"^Xn = yot^^yi---t^""ym, then m = n and ai = bi for all i G 
{l,...,n}- 

Proof: Proved in [Mj. □ 

A cyclic permutation of the word t°'^xi...t°'" word t"'^ 

...t°'^-^Xk-i with k G {l,...,n}. A word t°'^xi...t"''^Xn is said to be cyclically 
reduced if any cycHc permutation of t"'^xi...t"'"Xn is reduced. Note that, if 
f^^xi-.-t^-^Xn is reduced and n > 2, then f^^xi-.-f^^Xn is cychcally reduced 
if and only if 2;„ G H\K. Every element of G is conjugate to a cyclically 
reduced word. 

Lemma 2.3 (Collins' Lemma) If g = f^^xi-.-f^^Xn (n > 1) and h = 
t'^ yi...t^"^ym (m > 1) are cyclically reduced and conjugate, then there exists 
a cyclic permutation h* of h and an element a (z K such that g = ah*a~^ . 

Proof: Proved in [Mj. □ 

Remark: There exists a natural homomorphism / : G ^ H, defined by 
f{h) = h for all h e H, and f{t) = 1. 

Remark: Let P be a group and let ip : H P he a homomorphism. Let Q 
be the HNN extension of P relative to <p{K): 

Q = < P,t\ t~^ip{k)t = ip{k), y k e K >. 

Then ip induces a homomorphism Tp : G ^ Q, defined by ^(/i) = ^{h) for 
all h H, and ^(t) = t. 

Lemma 2.4 With the notations of the previous remark, keri^p) is the nor- 
mal closure of ker{(p) in G. 

Proof: Proved in [Mj. □ 

The following simple observation is the key in the proof of our main 
theorem. Let G be a right-angled Artin group of rank r (r > 1). Let H 
be a special subgroup of G of rank r - 1. In other words, there exists a 
partition of y: V = WL){t} such that H = < W >. Then G can be written 
as the HNN extension of H relative to the special subgroup K = C{t) = 
< star{t) > of H: 

G = < H,t\ t-^kt = k,y k e K >. 
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3 Hereditary conjugacy j9-separability and p cen- 
tralizer condition 



We start with an observation that the reader has to keep in mind, be- 
cause it will be used repeatedly in the rest of the paper: if H and K are two 
normal subgroups of p-power index in a group G, then H D K is a normal 
subgroup of p-power index in G. 

If G is a group, H is a subgroup of G, and g G G, then we set Gnig) = 
{h e H \ gh = hg}. 

Definition 3.1 We say that G satisfies the p centralizer condition (pCC) 
if, for every normal subgroup H of p-power index in G, and for all g £ G, 
there exists a normal subgroup K of p-power index in G such that K < H, 
and: 

where ip : G ^ G/K denotes the canonical projection. 

We shall show that a group G is hereditarily conjugacy p-separable if and 
only if it is conjugacy p-separable and satisfies the p centralizer condition (see 
Proposition I3.6p . For technical reasons, we have to introduce the following 
definitions: 

Definition 3.2 Let G be a group, H be a subgroup of G, and g £ G. We 

say that the pair {H,g) satisfies the p centralizer condition in G (pGCc) if, 
for every normal subgroup K of p-power index in G, there exists a normal 
subgroup L of p-power index in G such that L < K, and: 

C^iHMg)) c ipiCHig)K), 

where ip : G ^ G / L denotes the canonical projection. We say that H 
satisfies the p centralizer condition in G (pCCc) if the pair {H,g) satisfies 
the p centralizer condition in G for all g £ G. 

If G is a group, H is a subgroup of G, and g £ G, then we set: g^ = 
{aga~^ \ a £ H}. In order to prove Proposition I3.6[ we need the following 
statements, which are analogs of some statements obtained in [M] (Lemma 
3.4, Corollary 3.5 and Lemma 3.7, respectively): 

Lemma 3.3 Let G be a group, H be a subgroup of G, and g £ G. Suppose 
that the pair (G, g) satisfies pCCc, md that g*^ is finitely p-separable in G. 
If CG{g)H is finitely p-separable in G, then g^ is also finitely p-separable 
in G. 
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Proof: Let h €z G such that h ^ . If h ^ g'^ , then, since g'^ is finitely 
p-separable in G, there exists a homomorphism ip from G onto a finite p- 
group P such that ip{h) ^ Lp{g^). In particular, (/^(/i) ^ ip{g^). Thus we 
can assume that h G ^i*^. Let a € G such that h = aga^^ . Suppose that 
CG(5)nQ~^iJ / 0. Let k G CG(5)na"^iJ. We obtain: ak e H and /i 
= aga~^ = akg{ak)~^ G 5^ - a contradiction. Thus CG(5)na~^i^ = 0, 
i.e. Q!~^ ^ CG{g)H. As CG{g)H is finitely p-separable in G, there exists 
a normal subgroup of p-power index in G such that ^ CG{g)HK. 
Now the condition pCCc implies that there exists a normal subgroup L of 
p-power index in G such that L < K, and: 

where if : G —?■ G/L denotes the canonical projection. We have: ^{h) ^ 
ip{g^). Indeed, if there exists (3 ^ H such that ip{h) = ip{f5g/3^^), then ip{g) 
= ifip-^h^), and ip{a-^ ^)(p{g) = if{a-^P)^{^-^h^) = ip{a~^ha)ip{a-^ ^) 
= ip{gMa-^p) i.e. ip{a-^p) G Gq/l ((/'(<?)). But then ^(a"!) G Gg/l((^(5)) 
(piH) C ^{CG{g)KH). We obtain: a"! G GG{g)HKL = GG{g)HK (be- 
cause -L < - a contradiction. □ 

Corollary 3.4 Let G be a conjugacy p-separable group satisfying pC C , and 
H he a subgroup of G such that CG{h)H is finitely p-separable in G for all 
h ^ H. Then H is conjugacy p-separable. Moreover, for all h ^ H, h^ is 
finitely p-separable in G. 

Proof: Let h £ H. Since G satisfies pCC, the pair (G, h) satisfies pCCc- 
Since G is conjugacy p-separable, h'^ is finitely p-separable in G. Lemma 
13.31 now implies that h^ is finitely p-separable in G. Therefore h^ is finitely 
p-separable in H. □ 

Lemma 3.5 Let G be a group, H be a subgroup of G, and g £ G. Let K be 
a normal subgroup of p-power index in G. If g^'^^ is finitely p-separable in 
G, then there exists a normal subgroup L of p-power index in G such that L 
< K , and: 

C^iuMg)) c ip{GH{g)K), 
where ip : G ^ G / L denotes the canonical projection. 

Proof: Note that HDK is of finite index n in H. Actually, HnK is of 
p-power index in H (because — < However, we do not need 

this fact. There exists ai,..., an £ H such that H = \J^^^ai{H (1 K) . Up to 
renumbering, we can assume that there exists I G {0,...,n} such that a~^gai 
G g"^^ for ah i G {!,...,/} and a'^gui ^ g^^^ for ah i G {/+!,. ..,n}. By the 
assumptions, there exists a normal subgroup L of p-power index in G such 
that a^^gai ^ g^^^ L for all i G {/+!,.. .,n}. Up to replacing L by L{^K, 
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we can assume that L < K. Let ip : G ^ G/L be the canonical projection. 
Let h £ C^(^H-j{if{g)). There exists h G H such that h = (p{h). There exists 
i G {l,...,n} and k G HnK such that h = aik. We have : (p{h~^gh) = 
(p{h)~^ip{g)(p{h) = (p{g). Thus h~^gh € gL. But then a^^gai = kh~^ ghk^^ 
G kgLk~^ = kgk^^L C g^'~'^L. Therefore i < I. Then there exists (3 G 
HnK such that: a^^gai = I3g(3~^. This is to say that Qj/3 € Cnig), and 
then h = aik = (ai/3)(/3-^A;) G CH{g){H r\K) C CH{g)K. We have shown 
that C^(H)(V5(5)) C ^{CH{g)K). □ 

We are now ready to prove: 

Proposition 3.6 A group is hereditarily conjugacy p-separable if and only 
if it is conjugacy p-separable and satisfies pCC. 

Proof: Suppose that G is conjugacy p-separable and satisfies pCC. Let 
-ff be a subgroup of p-power index in G. Thus H is closed in the pro-p 
topology on G (because G\H = U{gH \ g ^ H}). Let h e H. The set 
CG{h)H is a finite union of left cosets modulo H and thus is closed in the 
pro-p topology on G. Corollary 13.41 now implies that H is conjugacy p- 
separable. Therefore G is hereditarily conjugacy p-separable. Suppose now 
that G is hereditarily conjugacy p-separable. In particular, G is conjugacy 
p-separable. We shall show that G satisfies pCC. Let g G G. Let K he a. 
normal subgroup of p-power index in G. We set H = K < g >. We have K 
< H. Thus H is a subgroup of p-power index in G. Therefore it is conjugacy 
p-separable. And g^^^ = g^ c H. As g^ is closed in the pro-p topology 
on H, it is closed in the pro-p topology on G. The result now follows from 
lemma 13.51 □ 

4 Extensions of free groups by finite j9-groups are 
conjugacy p-separable 

We start with an observation that the reader has to keep in mind be- 
cause it will be used repeatedly in the proof of Theorem 14.21 if (/? : G 

H is a homomorphism from a group G to a group H, whose kernel is 
torsion-free, then the restriction of <p to any finite subgroup of G is injective. 

We need the following lemma: 

Lemma 4.1 LetG = Gi*...*Gn he a free product ofn conjugacy p- separable 
groups Gi,..., Gn- Let g, h G G \ {1} he two non-trivial elements of finite 
order in G such that g oo h. There exists a homomorphism ip from G onto 
a finite p-group P such that if{g) oo if{h). 
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Proof: Since g is of finite order in G, there exists i € {!,..., n} sucli that 
g is conjugate to an element of finite order in Gj. Thus we may assume that 
g belongs to Gj. Similarly, we may assume that there exists j in {l,...,n} 
such that h belongs to Gj. Suppose that i ^ j. Let ip : Gj — > P be a 
homomorphism from Gj onto a finite p-group P such that f{g) 7^ 1. Let (p 
: G — 7- P be the natural homomorphism extending if. Then ^p{g) ^ ^{h). 
Suppose that i = j. Then g and h are not conjugate in Gj - otherwise they 
would be conjugate in G. Since Gj is conjugacy p-separable, there exists a 
homomorphism 93 : Gi ^ P from Gj onto a finite p-group P such that '^{g) 
00 ip{h). Let ip : G — > P be defined as above. We have (f{g) 00 (f{h). □ 

Recall that a subnormal subgroup of a group G is a subgroup H G 
such that there exists a finite sequence of subgroups of G: 

H = Hq < Hi < ... < Hn = G, 

such that Hi is normal in -ffj+i for all i € {0,...,n-l}. 

In Section 4, by a graph, we mean a unoriented graph, possibly with 
loops or multiple edges. 

Recall that a graph of groups is a connected graph F = {y,E), together 
with a function Q which assigns: 

• to each vertex v G F, a group G^,, 

• and to each edge e = {v,w} G E, a group Ge together with two injective 
homomorphisms Qg : Ge — )> G„ and f3e ■ Ge — >■ G^ - we are not 
assuming that v w -, 

(see [Si], see also [Dy |). The groups G^, S are called the vertex 
groups of F, the groups Ge (e € -E) are called the edge groups of F. The 
monomorphisms Og and /3e (e € -E) are called the edge monomorphisms. 
The images of the edge groups under the edge monomorphisms are called 
the edge subgroups. 

Choose disjoint presentations G^ = < Xy \ > for the vertex groups 
of F. Choose a maximal tree T in F. Assign a direction to each edge of 
F. Let {te I e S E} be a set in one-to-one correspondence with the set of 
edges of F, and disjoint from the X^, v € V. The fundamental group of the 
above graph of groups F is the group Gr defined by the presentation whose 
generators are: 

X, {v G V), 
te (e G E) 

(called vertex and edge generators respectively) and whose relations are: 
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teae{9e)te 



-1 



Rv {v € V), 
te = l{ee T), 

= Pe{9e), V 5e G Ge (e G E). 



(called vertex, tree, and edge relations respectively). One can prove that 
this is well-defined - that is, independent of our choice of T, etc. Note that 
it suffices to write the edge relations for g^, in a set of generators for Gg. 

Convention : The groups {v G V) and Ge (e G E) will be regarded as 
subgroups of Gr- 

Let {Fjlje/ be a collection of connected and pairwise disjoint subgraphs 

of r. We may define a graph of groups T* from T by contracting Fj to a point 
for all i G /, as follows. The graph T* is obtained from T by contracting Fj 
to a point pi for all i E I. The function Q* is obtained from Q by using the 
fundamental group of Fj for the vertex group at pi, and by composing the 
edge monomorphisms of F by the natural inclusions of the vertex groups of 
Fj into the fundamental group of Fj, if necessary. Clearly, Gr is isomorphic 
to the fundamental group Gr* of F* . 

If TT : Gr H is a homomorphism from Gr to a group H, such that the 
restriction of vr to each edge subgroup of F is injective, then we may define 
a graph of groups F' from F by composing with tt, as follows. The vertex 
set of F' is V, and the edge set of F' is E'. The vertex groups of F' are the 
groups G^ = vr(Gt,) {v & V), and the edge groups of F' are the groups Gg = 
Ge (e G -E) . The edge monomorphisms are the monomorphisms a'^ = tt o 
and /3g = TT o /?g (e G . Present Gr and Gr' using the same symbols for 
edge generators and with the same choice of maximal tree. There exist two 
homomorphisms. Try : Gr — > Gr' and tte '■ Gr' — > H such that the diagram: 



commutes, and that the restriction of tte to each vertex group of Gr' is 
injective. The homomorphism Try is given by: 



TT 




Gy' 




And the homomorphism tt^ is given by: 



TTEite) = 7r(te), V E. 
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In |Dy| , Dyer proved that every extension of a free group by a finite 
group is conjugacy separable. The fohowing theorem is the analog of Dyer's 
theorem for conjugacy p-separability. From a technical point of view, it is 
the main result of our paper. 

Theorem 4.2 Every extension of a free group by a finite p-group is conju- 
gacy p-separable. 

Proof: Our proof was inspired by Dyer's one (see |Dy] ) . Let G be an 
extension of a free group by a finite p-group. In other words, there exists a 
short exact sequence: 

1 ^G^^P ^1 , 

where is a free group, and P is a finite p-group. Let g ^ G. Let h ^ G 
such that g oo h. 

Step 1: We show that we may assume that G satisfies a short exact 
sequence: 

1 ^ F ^ G Gpr. ^ 1 , 

where F is a free group, n > 1, Gpn denotes the cyclic group of order p", 
and TT{g) = vr(/i). 

Since G is an extension of a free group by a finite p-group, G is residually 
p-finite by Lemma 1.5. Therefore, li g = 1, then g'-^ = {1} is finitely 
p-separable in G. On the other hand, if g is of infinite order in G, then g'-' 
is finitely p-separable in G by [I], Proposition 5. Therefore we may assume 
that 5 7^ 1 and that g is of finite order in G. Similarly, we may assume that 
h ^ 1 and that h is of finite order in G. If ■^{g) and 7r(/i) are not conjugate 
in P, we are done. Thus, up to replacing /i by a conjugate of itself, we may 
assume that '^{g) = vr(/i). Since ker{TT) = F is torsion-free, g and h have 
the same order p" (n G N*). Let H be the subgroup of G generated by g 
and F. Note that H is a subgroup of p-power index in G, and that g and h 
belong to H. As y = P is nilpotent, is subnormal in G. Thus we may 
replace G by iJ, by pp. Proposition 411, so as to assume that G satisfies the 
short exact sequence: 

1 ^ F ^ G Cpn ^ 1 . 



^Strictly speaking, it follows from the proof of [J, Proposition 4, that, if there exists a 
homomorphism (f : H ^ P from H onto a finite p-group P such that ^{g) f(h), then 
there exists a homomorphism tl) : G ^ Q from G onto a finite p-group Q such that tpig) 
^{h). The exact statement of [I], Proposition 4, is slightly different. 
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Now, G is the fundamental group of a graph of groups F, whose vertex 
groups are ah finite groups, by [S]. As ■k\^^ is injective for all v , Gy is 
isomorphic to a subgroup of Cpn for all v &V . From now on, the groups Gy 
{v € V) will be regarded as subgroups of Gpn. 

Step 2: We show that we may assume that all edge groups are non- 
trivial, that if two different vertices are connected by an edge, then the 
corresponding edge group is a proper subgroup of Cpn, and that g and h 
belong to two different vertex groups. 

First, we show that we may assume that all edge groups are non-trivial. 
Indeed, Let Fq be the subgraph of F whose vertices are all the vertices of F, 
and whose edges are the edges of F for which the edge group is non-trivial. 
Let Fi,..., Vr be the connected components of Fq. Let F* be the graph of 
groups obtained from F by contracting Fj to a point for alH G {l,...,r}. Let 
T be a maximal tree of F*. Then G is isomorphic to the fundamental group 
G* of F*. Observe that G* is the free product of the free group on {ig | e E 
E\T} and the fundamental groups of the Fj {i € {!,... ,r}). Thus, it suffices 
to consider the case where F = Fj (i G {l,...,r}), by Lemma l4. II Since each 
Fj (i G {l,...,r}) is a graph of groups whose edge groups are all non-trivial, 
the first part of the assertion is proved. 

Now, we show that we may assume that if two different vertices are con- 
nected by an edge, then the corresponding edge group is a proper subgroup 
of Cpn. Indeed, let Fq be the subgraph of F whose vertices are all the vertices 
of F, and whose edges are the edges of F for which the edge group is iso- 
morphic to Gpn. Let Fi,..., Tr be the connected components of Fq. Choose 
a maximal tree Tj in Fj, for all i G {l,...,r}. Let F* be the graph of groups 
obtained from F by contracting Tj to a point for all i G {l,...,r}. Then G is 
isomorphic to the fundamental group G* of F*. Note that a vertex group of 
F* is either a vertex group of F, or the fundamental group of Tj, for some i £ 
{l,...,r}, in which case it is isomorphic to Gpn (because each Tj {i G {l,...,r}) 
is a tree of groups whose vertex and edge groups are all equal to Gpn). Thus, 
we may replace F by F*, so that the second part of the assertion is proved. 

Since g is of finite order in G, there exists a vertex v of F, an element go 
of finite order in the vertex group of f , and an element a of G such that 
g = agoa~^ . Similarly, there exists a vertex w of F, an element /iq of finite 
order in the vertex group of w, and an element (3 oi G such that h = 
/3hQ/3~^. As Gpn is abelian, we have: 7r{go) = vr(/io). Thus, up to replacing 
9 by go and h by /iq, we may assume that g belongs to G^, and h belongs 
to Gu)- Since tt^^^ is injective, and ^{g) = n{h), we have v ^ w. 

Step 3: We show that we may assume that F has exactly two vertices, 
and that all edges join these two vertices. 
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Indeed, choose a maximal tree T in T. There is a path P in T joining 
V to w. Choose an edge e on this path. Then T \ {e} is the disjoint union 
of two trees, Ty and - say v € and w £ T^^. Let r„ be the full 
subgraph of T generated by the vertices of Ty , and be the full subgraph 
of r generated by the vertices of T^. Let T* be the graph of groups obtained 
from r by contracting F^, to a point v* and to a point w* . Observe that 
r* has exactly two vertices and that all edges join these two vertices. The 
vertex groups of F* are the fundamental groups of F^, and F^, respectively. 
The edge groups of F* are non-trivial proper subgroups of Cpn. And G is 
isomorphic to the fundamental group G* of F*. Now, since the restriction of 
TT to each edge subgroup of F* is injective, we may define a graph of groups 
F' from F* by composing with vr, as described above. Denote by G' the 
fundamental group of F'. There exist two homomorphisms ny : G ^ G', 
and tte ■ G' — > Cpn such that the diagram: 

G — ^ Cp" 
G' 

commutes, and that the restriction of tte to each vertex group of F' is 
injective. Consequently, ker{'KE) is free by [Sej, II, 2.6., Lemma 8. 

Set g' = irvig)i and h' = 7ry(/i). As g' and h' have order p", the vertex 
groups of F' are equal to Cp« . The edge groups of F' are non-trivial proper 
subgroups of Cpn. Observe that g' and h' belong to two different vertex 
groups, and that g' (resp. h') is not conjugate to an element of one of the 
edge groups. Let e be an edge of F'. Then g' and h' are not conjugate in 
G'y G^, by [MKS] . Theorem 4.6. (ii). Observe that G' is an HNN exten- 
sion (in the general sense) of G'^ *g'^ G'^, with stable letters ta {a £ E \ {e}), 
and associated subgroups a^(G^), P'^iG'^) {a £ E \ {e}). Therefore g' and 
h' are not conjugate in G' (see |Dy2| , Theorem 3). Thus, we may replace F 
by F', G hy G', g by g' , and hhy h' , so as to assume that F has two vertices 
and that all edges join these two vertices. 

Step 4: We show that we may assume that F has at most two edges. 

Suppose that F has more than two edges. Choose a maximal tree T in F 
- that is, an edge of F. Present Gy = < g \ g^"^ = 1 >, G^ = < h \ h^" = 1 >, 
and G as described above. Choose an edge e £ E\T. 

T 




13 




The edge relations corresponding to e can be reduced to the fohowing: 

where Qe is a generator of Ge- Let be the order of Ge {s £ {l,...,n-l}). 
Then ae{ge) generates a subgroup of order p'^ of Gv But there exists a 
unique subgroup of order in G^', it is cychc, generated by , where r 
= n - s. Thus, up to replacing g^ by the preimage of g^"^ under ae, we 
may assume that ae{ge) = g^ ■ There exists fc € N, such that p and k are 
coprime, and that f3e{ge) = h^^^ . Therefore the edge relation corresponding 
to e can be written: 

t.gP'-t-' = h'^P\ 

where r € {l,...,n-l}, A; € N, and p and k are coprime. Now, since vr : G — ?■ 
Cpn satisfies 'iT{g) = '7r(/i), we have: Tr{gY'^ = iT{h)^P'^ = 7r{g)^P'^ , and then 
'^(9)^'''^^^'' = 1 (ill Cpn). As 7T{g) has order in Cpn, we deduce that p""** 
divides k - 1. There exists a € Z such that k = ap'^~'^ + 1. We conclude 
that the edge relation corresponding to e can be written: 

tegP^t-^ = hP\ 

where r € {l,...,n-l}. 

Let H be the normal subgroup of G generated by the elements: 

g, h, ta (a eE\{e}), tl 

Then H has index p in G, and g and h belong to H. Thus we may replace C 
by H by [IJ, Proposition 4. Let Go be the fundamental group of the graph 
of groups r \ {e}. Set Go = < -'^o I -^o >) where the presentation is as 
fundamental group of the graph of groups r\{e}. Set Gj = tlGot~^ = < Xi 
I Ri >, for ah i G {l,...,p-l}. Clearly {l,te, ...,€ } is a Schreier transversal 
for H in G. The Reidemeister-Schreier method yields the presentation: 

7^ T T" T V 

H = < Xq, Xi,..., Xp_i, u I i?o, i?p_i, gl = , gP = h\ gl_^ 

where u = tl, gi = tlgt~^ {i G {0,...,p-l}), and hj = tihte^ (j G {0,...,p-l}). 
Replace g' by g'O) and h hy hi. Observe that H is the fundamental group 
of a graph of groups T, as follows. The graph T has 2p vertices, say vq, 
wq, vi, wi,..., Vp-i, Wp-i, and p\E\ edges. Let Tj be the full subgraph of T 
generated by {vi, Wi} for all i G {0,...,p-l}. Then Tj is isomorphic to r\{e}. 
There is one edge joining wq to vi, one edge joining wi to V2,..., one edge 
joining Wp-2 to Vp-i, and one edge joining vq to Wp-i, and the edge groups 



14 



associated to these egdes are isomorphic to Ge- Note that g belongs to the 
vertex group of vq and h belongs to the vertex group of wi. 




Let r* be the graph of groups obtained from T by contracting Fj to a point 
for all i G {l,...,p-l}. Then G is isomorphic to the fundamental group of T*. 
The graph T* has p vertices, say vq,..., Vp-i. There is one edge joining vq 
to vi, one edge joining vi to V2,---, one edge joining Vp-2 to Vp-i, and one 
edge joining vq to Vp-i, and the edge groups associated to these edges are 
all isomorphic to Ge- Note that g belongs to the vertex group of vq and h 
belongs to the vertex group of vi . 

^VO ,1)1 ,1)2 ,1)3 ,■"4 




Let T be the maximal tree T = voVi...Vp-2Vp-i. Then T \ {vqVi} is the 
disjoint union of two trees : vq and viV2-..Vp-2Vp-i- Set = vq and = 
viV2---Vp-2Vp-i. Let A be the graph of groups obtained from F* by contract- 
ing r* to a point for all i G {1,2}. Let A' be the graph of groups obtained 
from A by composing with vr. As in Step 3, we may replace F by A', so as 
to assume that F has two vertices and two edges joining these two vertices. 

End of the proof : Present Gy = < g \ g^" = 1 >, Gw = < h \ h^" = 1 >, 
and G as described above. There are two cases: 

Case 1 : F has one edge. 

In this case, G is an amalgamated product of two finite abelian p-groups. 
Since G is residually p-finite, G is conjugacy p-separable by [I], Theorem 2. 
Thus, there exists a homomorphism ip from G onto a finite p-group P such 
that (p{g) oo ip{h). 

Case 2 : F has two edges. 

We have: 

G = < g, h,t \ gP" = 1, hP" = 1, gP'' = hP\ tgP'f-^ = hP' >, 
where r G {l,...,n-l}, s G {l,...,n-l}. Let: 
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^ — Cpn X CpS X ... X CpS X Cpr 
V ' 

Set m = p"^ + 1. Present each factor of this product in the natural way, using 
generators xi,..., Xm respectively. Let a be the automorphism of A defined 
by: 

a{xi) = XiX2Xm 

a{xi) = Xj+i, V i G {2,...,m-2} 

a{Xm-l) = {x2...Xm-l)^^ 

It is easily seen that a has order m - 1 = p^. We have: 

a^{xi) = xi, 

Q^(xi) = XiX2Xm, 

a'^(xi) = xiX2X^x1^, 

a™"2(xi) = XiX2Xz...Xm-lxZ~'^- 

Let B = Ayi <a>be the semidirect product of A by < q >. Note that B 
is a finite p-group. Let (p : G ^ B he the homomorphism defined by: 

ip{h) = XiXm, 

f{t) = a. 

Observe that the conjugacy class of ip{g) in B is ^fig)^ = {a'^{xi) \ k G 
{0,...,m-2}}. Thus, ip{g) and (p{h) are not conjugate in B. □ 

Corollary 4.3 Let P be a finite p-group. Let A be a subgroup of P. Let Q 
be the HNN extension of P relative to A: 

Q = < P, t \ t^^at = a, \/ a e A >. 

Then Q is hereditarily conjugacy p-separable. 

Proof: Let i? be a subgroup of p-power index in Q. Actually, we do not 
need the fact that R is of p-power index. Let / : Q ^ -P be the natural 
homomorphism. We have ker{f)r\P = {!}. Therefore ker(f) is free by [KSj . 
Theorem 6. That is, Q is an extension of a free group by a finite p-group. 
Thus R is itself an extension of a free group by a finite p-group. Therefore 
R is conjugacy p-separable by Theorem 14. 2i □ 
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5 Retractions 



Definition 5.1 Let G be a group and H be a subgroup of G. We say that 
H is a retract of G if there exists a homomorphism pn : G ^ G such that 
Ph{G) = H and pnih) = h for all h ^ H. The homomorphism pH is called 
a retraction of G onto H. 

Remark: If G is a right-angled Artin group, and H is a special subgroup of 
G, then H is a retract of G. A retraction of G onto H is given by: 



In what follows (Lemma 15.21 to Lemma I5.12p . we shall prove several 
results on retractions that will allow us later to control the growth of some 
intersections of subgroups of a right-angled Artin group in homomorphic 
images of it (see Lemma 16. 3p . 

Lemma 5.2 Let G be a group and H be a subgroup of G. Suppose that H 
is a retract of G. Let pH be a retraction of G onto H. Let N be a normal 
subgroup of G such that Ph{N) C A^. Then pn induces a retraction pjj : 
G/N — >■ G/N of G/N onto the canonical image H of H in G/N, defined 



Remark: Let G be a group and let H and H' be two subgroups of G. 
Suppose that H and H' are retracts of G and that the corresponding retrac- 
tions, ph and pH', commute. Then ph{H') = pH>{H) = HCiH'. Moreover 
HnH' is a retract of G. A retraction of G onto HCiH' is given by pnnH' = 
PH o PH' = PH' o PH- 

Proposition 5.3 Let G be a group and Hi,..., Hn be n subgroups of G. 
Suppose that Hi,..., Hn are retracts of G and that the corresponding retrac- 
tions pairwise commute. Then, for every normal subgroup K of p-power 
index in G, there exists a normal subgroup N of p-power index in G such 
that N < K and pHi{N) C N for all i G {l,...,n}. Consequently, for every 
i € {l,...,n}, the retraction pn^ induces a retraction pjj- of G/N onto the 
canonical image Hi of Hi in G/N . 

Proof: Proved in [M] - see Remark 4.4. □ 

Lemma 5.4 Let G be a group and let H and H' be two subgroups of G. 
Suppose that H and H' are retracts of G and that the corresponding retrac- 
tions, Ph and pn', commute. Let N be a normal subgroup of G and assume 
that ph{N) C A^ and pH'{N) C A^. Then, if Lp : G ^ G/N denotes the 
canonical projection, ip{Hr\H') = ^p{H) n ip{H'). 




by: pj^igN) = pH{g)N for all gN € G/N. 
Proof : Proved in [Mj. 



□ 
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Proof: Proved in [M] . 



□ 



The next statement is analog of Lemma 4.6 in [M] : 

Corollary 5.5 Let G be a group and Hi,..., Hn be n subgroups of G. Sup- 
pose that Hi,..., Hn are retracts of G and that the corresponding retractions 
PHi,---, Ph„ pairwise commute. Then, for every normal subgroup K of p- 
power index in G, there exists a normal subgroup N of p-power index in G 
such that N < K and pH^iN) C A^, for alii E {l,...,n}. Moreover, if ip : G 
G/N denotes the canonical projection, then V5(nr=i ~ fllLi fi-^i)- 

Proof: By Proposition 15. 3[ there exists a normal subgroup of p-power 
index in G such that N < K and pHi{N) C N for all i G {l,...,n}. We 
denote hy ip : G — >■ G/N the canonical projection. We argue by induction 
on A; € {l,...,n} to prove that (^(HiLi Hi) = nf=i ^{Hi). If A; = 1, then the 
result is trivial. Thus we can assume that k > 2 and that the result has 
been proved for k - 1. We set H' = Hti^ ^i- By the above remark, H' is a 
retract of G. A retraction of G onto H' is given by pn' = PHi ° ■■■ ° Ph^-i- 
We have: 

PH'{N) = phA-{ph,,,{ph,_AN)))) 
C phA-{ph,.,{N))) 
c ... 

C N. 

The retractions pH' and pu,, commute, so we can apply Lemma 15.41 to con- 
clude that ip{H' r\Hk) = ip{H')riip{Hk). By the induction hypothesis, ip{H') 
= n-=i Finally (^(flti H,) = flti ^(^O- □ 

In the following lemmas, G is a group, and A and B are two subgroups 
of G. We assume that A and B are retracts of G and that the corresponding 
retractions, pA and pB, commute. 

Lemma 5.6 Let x, y & G. We set a = pA{pBix)x~^)xpB{x^^) (£ AxB) 
and fi = PA{pB{y)y^^)yPB{y^^) AyB). Are equivalent: 

1. y £ AxB, 

2. ^ e a^'^^. 

Proof: Proved in [M]. □ 

Lemma 5.7 Let x € G. We seta = pa{pb{x)x^^)xpb{x~^) AxB) and 
7 = Pa{pb{x)x~^) (£ A). Then we have: 

ACixBx^'^ = j^^CAnsiah- 
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Proof: Proved in [M] . 



□ 



The next five statements are analogs of some statements in [M] (Lemma 
5.3, Corollary 5.4, Lemma 5.5, Lemma 5.6 and Lemma 5.7, respectively): 

Lemma 5.8 Let x G G. We set: a = pa{pb{x)x~^)xpb{x~^) AxB). 
If a^'~^^ is finitely p-separable in G, then AxB is also finitely p-separable in 
G. 

Proof: Let y G G such that y ^ Ax -B. We set f3 = pA{pB{y)y^^)yPB{y~^)- 
By Lemma 15.61 we have /3 ^ a^'^^ . Since a^'^^ is finitely p-separable in G, 
there exists a normal subgroup K of p-power index in G such that, if ip : 
G — )• G/K denotes the canonical projection, we have: ^ ipi'^^''^^) = 

■0(a)'^*-'^'~'^^ . By Corollarv 15.51 there exists a normal subgroup N of p-power 
index in G such that N < K, pa{N) C N, pb{N) C N and, if (/? : G ^ 
G/N denotes the canonical projection, then: ip{AriB) = ip{A) rnp{B). As- 
sume that (p{/3) G (^(a)'^(^^^). There exists g e AnB such that ip{P) = 
ip{g)ip{a)if{g)~^ . Then (3 G gag~^N. Since N < K, we obtain /3 G gag~^K. 
But this contradicts the fact that ip{P) ^ ip(a)'^^'^'^^K Therefore we have: 
(fi^) ^ (/?(a)'^(^^^) i.e. ifiP) ^ We set A = ip{A) and B = 

^{B). By Lemma [521 PA induces a retraction of G/N onto A and pB 
induces a retraction of G/A^ onto B. We set: x = v^(x) and y = We 
have: >f{a) = p^{p^{x)x''^)xp^p-^) and ip{l3) = pj{p^{y)y-^)yp^{y-^). 
By Lemma |5.6^ we have y ^ AxB i.e. ^ Lp{AxB). □ 

Corollary 5.9 Lei G be a group and A and B be two subgroups of G. Sup- 
pose that G is residually p-finite. If A and B are retracts of G, such that the 
corresponding retractions commute, then AB is finitely p-separable in G. 

Proof: We apply Lemma 15.81 to x = 1. □ 

Lemma 5.10 Let G be a group and A be a subgroup of G. Suppose that G 
is residually p-finite and that A is a retract ofG. Then if a subset S of A is 
closed in the pro-p topology on A, it is also closed in the pro-p topology on 
G. 

Proof: We denote by S the closure of 5 in G - equipped with the pro-p 
topology. We shall show that S C S. By Corollary 15. 9^ A is closed in G. 
Therefore S C A. Let a G G\S. We can assume that a £ A. There exists 
a homomorphism ip from A onto a finite p-group P such that ^{a) ^ '^(S). 
We set: ip = tp o p^. We have: ij{a) = ip{a) ^ ip{S) = ^p{S). Then a ^ Sn 

Lemma 5.11 Let x G G. We set a = pA{pBix)x~^)xpB{x^^). Suppose 
that the pair (Ar\B,a) satisfies the p centralizer condition in G. Then, 
for every normal subgroup K of p-power index in G, there exists a normal 
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subgroup N of p-power index in G such that N < K , pa{N) C N , pb{N) C 
and, if (p : G G/N denotes the canonical projection, {p{A)nip{xBx~^) 
C (p{AnxBx~'^)(f{K). 

Proof: Let K he a. normal subgroup of p-power index in G. We set 7 = 
PA{pBix)x~^) G A. By Lemma [521 we have: ArixBx~^ = 7~^CyinB(o)7- 
Since the pair {A n B,a) satisfies pGGc, there exists a normal subgroup L 
of p-power index in G such that L < K and, ii ip : G ^ G/L denotes the 
canonical projection, C^(AnB) (V'(q^)) C ^p{GAnB{ct)K). This is equivalent 
to i^~'^{G^{AnB){i^{a))) C GAnB{a)K. Indeed let g e iJ~'^{C^{AnB){H<^)))- 
We have ip{g) G C^(AnB) (V'(")) C V(CyinB(a)-?^)- Then 5 G CAnB{oi)KL 
C CyinB(o)-f^ (because L < K). By corollary there exists a normal 
subgroup N of p-power index in G such that N < L, pa{N) C A^, Pb{N) C 

and, if : G — >■ G/A'' denotes the canonical projection, ip{Ar\B) = 93(74) n 
ip(B). We set A = ip{A), B = ip{B). By LemmaE21 PA induces a retraction 
PA^ of G/N onto A and induces a retraction oiG/N onto 5. Obviously 

and />g commute. We set x = ip{x), a = p^{p^{x)x~^)xf>^{x~^) (g G/N) 
and 7 = />4-(/>g-(x)x~"^) (g A). Observe that a = 97(0) and 7 = 93(7). Then, 
by LemmaEZl we have: Anx'Bx~^ = ~'^G^^-^{a)^. But 'AnB = (p{Ar\B). 
We have: 

ip-\AnxBx-^) = f-Hl''^C^{AnB){a)7) = 7"V"H'^^(AniJ)(a))7- 
We have: 

V~^{C^(AnB){a)) C i^~^{G^(AnB){i^{a))). 

Indeed let g G ¥'~^(C'^(AnB)(¥'('^)))- We have ip{g) G 97(A n B) i.e. g G 
(^ n B)N, which implies 5 G (^ n B)L i.e. ^(5) ^ V'(^ n B); and 9?(5')9j(a) 
= (p{a)ip{g) i.e. gag~^a~^ G A^, which implies (^^(^"^a""'^ G L i.e. 'ip{g)ip{a) 
= 'ilj{a)'ip{g). Then: 

f~'^{C^(AnB){'^)) C GAnB{a)K. 

Therefore: 

97-i(Anx;Bx-i) C -f-^CAnB{a)-fK = {AnxBx-^)K. 
We conclude that: 

ip{A) n 9i?(3;Sx"^) C (p{A n x5x"^)93(K). 

□ 

Lemma 5.12 Let x, y £ G. We set C = xBx^^ (< G) and a = 
Pa{pb{x)x~^)xpb{x~^) . If a^^^ andy"^^^ are finitely p-separahle in G and 
if the pair (AdB, a) satisfies pGGc, then CA{y)C is finitely p-separahle in 
G. 
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Proof: Let z G G such that z ^ CA{y)C. Suppose first that z ^ AC. 
Since a^^^ is finitely p-separable in G, AxB is finitely p-separable in G 
by Lemma 15.81 Therefore AC = AxBx~^ is also finitely p-separable in G. 
Consequently there exists a normal subgroup N of p-power index in G such 
that z ^ ACN. We obviously have z ^ CA{y)CN. Thus we can assume 
that z € AC. There exist a € A, c £ C such that z = ac. Since z ^ CAiy)C, 
a~^ya ^ y^'^'-^. Indeed, if there exist g £ An C such that a~^ya = gyg~^, 
then {ag)^^y{ag) = y i.e. € Cyi(y). We obtain o G CA{y)C, and then z 
E C^(y)C - a contradiction. Now y^'""^ is finitely p-separable in G. Then 
there exists a normal subgroup K of p-power index in G such that a~^ya 
^ yAi^c gy Lemma 15. IH there exists a normal subgroup of p-power 
index in G such that N < K and, if : G G/N denotes the canonical 
projection, <p{A) n <p{C) C n C)ip{K). For a subset S of G, we set S = 
(p{S). For an element g of G, we set g = ip{g). We have: y^^*^ c y^*""^-^. 
Note that K <\ G/N. Then y^"^ C y^K. Observe that a-^ya ^ y^K 
- otherwise we would have a~^ya G y"^^^ KN , and then a~^ya G y^^'~^ K 
(because < K). We deduce that a~^y a ^ y"^'""^. Now it suffices to show 
that ip{z) ^ 93(GA(y)G). Suppose the contrary. There exist a' G G^(y), 
c' £ C such that (/^(z) = ip{a'c'). Then (/^(ac) = ip{a'c'). Thus (/^(o'^-'^a) = 
(/p(c'c"^). We set ^ = (p{a'~^a) = (p{c'c~'^) (g AnC). We have: = 
(p{a')gip{c) and a = (/?(z)(/9(c)~^ = ip{a')g. Then a~^ya = ^~^ip{a'~^ya')'g = 
g~^^{y)g = g^^yg G y^^'^ - a contradiction. We have shown that CA{y)C 
is finitely p-separable in G. □ 



6 Proof of the main theorem 

We turn now to the proof that right-angled Artin groups are hereditarily 
conjugacy p-separable. We need the following theorem, which is due to 
Duchamp and Krob (see |DK2] ). 

Theorem 6.1 Right-angled Artin groups are residually p-finite. 
This theorem can also be proved using HNN extensions (see [Lo]). 



Basically, Proposition 16.21 establishes the main result. Proposition 16.21 1 
and Proposition 16.21 2 will be proved simultaneously by induction on the 
rank of G. 

Proposition 6.2 Let G be a right-angled Artin group. 

1 . Every special subgroup S of G satisfies the p centralizer condition in 
G (pCCg). 

2. For all g £ G and for all special subgroup S of G, g^ is finitely p- 
separable in G. 
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Prom now on, we assume that G is a right-angled Artin group of rank r 
(r > 1), and that H is a. special subgroup of G of rank r - 1. Thus, G can 
be written as an HNN extension of H relative to the special subgroup K = 
C{t) = < starit) > of H: 



Recall that H is a retract of G. A retraction of G onto H is given by: 



We also assume that: 

• every special subgroup S of H satisfies the p centralizer condition in 



• for all h £ H and for all special subgroup S of H, is finitely p- 
separable in H. 

The next results (Lemma 16.31 to Lemma I6.13P are preliminaries to the 
proof of Proposition 16.21 

In general, if A and B are subgroups of a group G, the image of the 
intersection of A and B under a homomorphism ip : G ^ H do not coincide 
with the intersection of the images of A and B in H. However, the p cen- 
tralizer condition and the above results on retractions will allow us to obtain 
the following lemma, which will be used to apply Minasyan's criterion for 
conjugacy in HNN extensions (see Lemma l6.4p . 

Lemma 6.3 Let be given Aq, a conjugate of a special subgroup of H, Ai,..., 
An, n special subgroups of H and a, xq,..., Xn, Vi,---, Un, 2(n+l) elements of 
H. Then, for every normal subgroup L of p-power index in H, there exists 
a normal subgroup N of p-power index in H such that N < L and, if if : H 
H/N denotes the canonical projection, then: 

aC-j^{x^) n nr=i x^iAm C ip{{aCAo{xo) n nr=i XiAiyi)L) 

where Ai = Lp{Ai) (i G {0,...,n}), a = Lp{a), x~ = ip{xj) (j £ {0,...,n}), yj: 
= 'PiVk) (k G {l,...,n}). 

Proof: Let L be a subgroup of p-power index in H. We argue by induc- 
tion on n. Strictly speaking, the basis of our induction is n = but we will 
need the case n = 1. By the assumptions, there exist a special subgroup A 
of H and an element /3 of -ff such that = /3A/3~^. 

n = : We set x = l3~^xo/3. The pair {A,x) satisfies pGGu by the as- 
sumptions. There exists a normal subgroup of p-power index in H such 
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that N < L and, if c/? : H H/N denotes the canonical projection, then 
C:^(A)Mx)) C ip{Ca{x)L). But Cao(xo) = /3Ca(x)/3-^ We deduce that: 
(p(a)C^(^Ao){f{xo)) C (p{{aCAo{xo))L). 
n = 1 : There are two cases: 
Case 1 : aCAo{xo) n xiAiyi = 0. 

This is equivalent to say that: xi ^ aC^p(xo)yf ^^i- We set B = {yiP)~^Ai 
yiP, so that we have: xi ^ aP{CAix)B)(3~^yY^ ■ Now the intersection of 
conjugates of two special subgroups of is a conjugate of a special subgroup 
of H (see [M]) Lemma 6.5). Then ACi Ai is a conjugate of a special sub- 
group C of H. There exists 7 € such that An Ai = jCj~^. Therefore 
if h ^ H, h^'^^'^ = 7(7~-'^/i7)*-'7~-^. Now {'y~^hj)'^ is finitely p-separable 
in H by the assumptions. We deduce that h^'^^'^ is finitely p-separable 
in H. With the same argument, h^^^ is finitely p-separable in H. Now 
the pair {A n Ai^h) satisfies pCCn by the assumptions. We deduce that 
CAix)B is finitely p-separable in H by Lemma 15.121 This implies that 
aCAo{xo)yi is finitely p-separable in H. There exists a normal sub- 
group M of p-power index in H such that xi ^ aCAo{xo)yi^ AiM . Up to 
replacing M by M n L, we can assume that M < L. Now the pair {Ao,xo) 
satisfies pCCn by the assumptions. There exists a normal subgroup N of 
p-power index in H such that N < M and, if ip : — t- H/N denotes 
the canonical projection, then C(p(A())(v'(^o)) C ip{CAoixo)M), or, equiv- 
alently, ip~\C^(^Ao){^{xo))) C Cao{xo)M. Then ip-'\aC-j^{x^)m-^A^) C 
aip~^ {C-^(x^))y^^ Ai C aCAoixo)yi^AiM. Therefore: xi ^ ip-^{aC^{x^) 

W~^A^)- Finally: aC^{x^) nxTA^W = 0- 
Case 2 : aCAoixo) H xiAiyi ^ 0. 

Remark: If G is a group and H, K are two subgroups of G such that 
aH n bKc 7^ - where a, 6, c G G -, then for all g € a// n bKc, we have 
aHnbKc = g{Hnc-^Kc). 

Choose g £ aCAoixo) fl xiAiyi. Then we have: aCAoixo) n xiAiyi = 
g{CAo{xo)ny^'^Aiyi). We set D = AoHy^^Aiyi. Then aC^o (xq) n xi^iyi 
= gCnixo). Now, D is a conjugate of a special subgroup E' of i7 by [M] , 
lemma 6.5. There exists 5 (z H such that -D = SE6^^. As above, the pair 
(-D,a;o) satisfies pCCn- There exists a normal subgroup M of p-power index 
in H such that M < L and, if -0 : H ^ H/M denotes the canonical pro- 
jection, we have: C^(d)(V'(3^o)) C iI}{Cd{xq)L). Now by Lemma [5. Ill there 
exists a normal subgroup N of p-power index in H such that N < M and, if (p 
: — H/N denotes the canonical projection, then ip{A)r\ip{{yi(3)~^Aiyi/3) 
C ip{An{yi/3)-^Aiyif3)ip{M). Therefore: 

A^nyT-^A^yT = ifi^A^-^) n ip{y^^ Am) = 
^m^{A)nip{{yil3)-^Aiy,(3)M(3-') C 
^m^{A n (yi/3)-Mi2/i/3)v?(M))(^(/3-i) = ^{Aq n yri^iyi)(/p(M) = 

V9(Z))(^(M) (*). 
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For S C H, we set 5 = (p{S) and for h & H, we set h = f{h). We have g £ 
aC^{x^) n xlAiyl. Therefore aC-j^{x^) nxT^iyl = g{C^{x^) nW^MlJi)- 
Considering (*), we obtain: 

Recall that N < M. Then ip : H ^ H/M induces a homomorphism ijj : 
H/N H/M such that i; = ijjoip. Note that i){(p{D)ip{M)) = '>1){D). Let 
z e C^(^r))ip{M){xo)- Then: 

Therefore z € ip{CDixo)L)ker{ip) = lp{Cd{xq)L) because ker{'ip) = ip{M) 
< (p{L). We deduce that C^(_d)(^{m) (^) C ip{CD{xo)L). We conclude that 

aC-^{x^) nxlAiyl C gip{CD{xo)L) = ip{gCD{xo)L) = 
ip{{aCAo{xo) n xiAiyi)L). 

Inductive step: Suppose that n > 1 and that the result has been proved for 
n-1. 

Note that if aCAoixo) n Ctl^Ii XiAiUi = 0, then by the induction hypothesis, 
there exists a normal subgroup N of p-power index in H such that, if ip : H 
H/N denotes the canonical projection, then 

aC^{x^) n r\7=i xlAVi C ifiiaCAoixo) n fXl=i XiAiyi)L) = 0. 
Obviously: 

aC-^{x^) n nr=i XiAiYi = C ip{{aCAQ (xq) n fllLi a^i^iyO-^^) 

Thus we can assume that (xCAo{xo)rirti=i XiAiUi ^ 0. Therefore there exists 
g £ H such that oCao (xq) n f]^^^ XiAiyi = g{CAo {xq) n nr=/ Vi/^^iVi)- We 
set F = n nr=i^ Vj/^^illi - is a conjugate of a special subgroup of H 
by [M], Lemma 6.5. We have: aCAoixo) r\i=i Xi^iyi = gCpixo). Now, 
by the case n = 1, there exists a normal subgroup M of p-power index of H 
such that M < L and, if -0 : H H/M denotes the canonical projection, 
then: 

'ipi9)C^{F){lp{xo)) rii'iXnAnyn) C tp{{gCF{xo) H XnAnyn)L) . 

This is equivalent to: 

tp~^{tpi9)C^{F){i'{xo)) nip{xnAnyn)) C (^CfCxo) H x„A„y„)L. 

On the other hand, by the induction hypothesis, there exists a normal sub- 
group N of p-power index in H such that N < M and, if ip : H ^ H/N 
denotes the canonical projection, then: 

aCV-(^) n fyi=i XiAiyi C (p{{aCAo{xo) n XiAiyi)M) 
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or, equivalently: 

ip~^(aC^{x^) n fXl~^ x^Aiy^) C (aC^oCxo) n(X~^ XiAiyi)M 
Thus we have: 

{aCAoixo) n nrJi^ Xi^iy,)A^nx„A„y„7V = gCF{xo)M n x„A„y„A^. 
Recall that N < M. Thus we have: 

V'-l(V'(ff)'^^(F)(V'(a;o))) n V"H^(2;nAnyn)) = 

i'~^itp{9)C^{F)i'4'{xo)) riipixnAnVn)) C (^CfCxo) H x„A„y„)L = 

□ 

We need the following criterion for conjugacy in HNN extensions: 

Lemma 6.4 Let G = < H, t \ t^^kt = k, y k e K > be an HNN exten- 
sion. Let S be a subgroup of H. Let g = XQt°''^x\...t°"^Xn (n > 1) and h = 
yot^^yi---t^"^ym be elements of G in reduced form. Then h ^ g^ if and only 
if all of the following conditions hold: 

1. m = n and ai = bi, for all i € {l,...,n}, 

2- yO---yn G (xo-.-Xn)^, 

3. if a ^ S satisfies yo-.-y-n = axQ...Xna~'^ , then: 

aCs{xQ...Xn) n y^Kx^^ n {yQyi)K{xoXi)~^ n ... fl 
{yo-yn-i)K{yQ...yn^i)~'^ + 0. 

Proof: Proved in [M]. □ 

Lemma 6.5 Let S be a special subgroup of H. Let g G G \ H . Let h 

€ G \ g^ . There exists a normal subgroup L of p-power index in H such 
that, if ip : H P = H/L denotes the canonical projection, if Q denotes 
the HNN extension of P relative to ^{K) and ifTp: G Q denotes the 
homomorphism induced by (p, we have '(p{h) ^ '(f{g)'^^^\ 

Proof: Write g = xot"'^xi...t"'"Xn and h = yoi''^yi---t^"^ym in reduced 
forms. We have n>l - as g^H. 

Step 1: We assume that the first condition in Minasyan's criterion (see 
Lemma l6.4p is not satisfied by g and h. 

The special subgroup K is closed in the pro-p topology on H (see |Lo]). 
Thus there exists a normal subgroup L of p-power index in H such that: 
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V i G {l,...,n-l}, Xi ^ KL (*), 

V j G {l,...,m-l}, yj ^ KL (**). 

We denote by (/? : H ^ P = H/L the canonical projection. If Q denotes 
the HNN extension of P relative to ^{K): 

Q = < P,t \ r'^ip{k)t = ip{k), y k e K >, 

and if ^ : G Q denotes the homomorphism induced hy ip - with = 

(p and Tp{t) = t -, then ^(5) = xot'^^xi...^""x^ and ^(/i) = yot^^yT...t^"'y^ 
are reduced products in Q by (*) and (**) - where x7 = Tp{xi) [i G {0,...,n}) 
and = Tp(yj) (j G {0,...,m}). But then the first condition in Minasyan's 
criterion will not hold for '(p{g) and ^(/i)- 

Conclusion of Step 1: We can assume that m = n and Oj = hi for all i 

G 

Step 2: We assume that the second condition in Minasyan's criterion is 
not satisfied by g and h. We set x = XQ...Xn and y = yo-.-y-n- Thus y ^ x^ . 

By the assumptions, x*^ is finitely p-separable in ff. Therefore there 
exists a homomorphism cp from onto a finite p-group P such that ^{y) ^ 
^^^-j(^(5)^ Denote by Q the HNN extension of P relative to (p{K), and by 
Ip : G Q the homomorphism induced by ip. Now let / : Q — t- P be the 
natural homomorphism. We have: 

f{^{g)) = f(x^tJxT...tyx;^) = = ip{x), 

f{Tp{h)) = fiyot"'^yi-t''"y^) = m-y^ = ^{y)- 

Since ip{y) ^ ip{xY'^^\ we see that lp{h) ^ Tp{g)^('^\ 

Conclusion of Step 2: We can assume that y ^ x^ . There exists a G S 
such that y = axa~^. 

End of the proof: Considering Minasyan's criterion, since h ^ g'^ , we 
must have: 

aCs{xo...Xn) n yoKxQ^ n {yoyi)K{xoxi)^^ n ... n {yo...yn^i)K{xo...Xn-i)~^ 

= 0. 

Since K is closed in the pro-p topology on H (see |Lo) ). there exists a normal 
subgroup L of p-power index in H such that: 

V i G {l,...,n-l}, Xi ^ KL (*), 

V j G {l,...,m-l}, yj i KL (**). 
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Now by Lemma \6.3\ there exists a normal subgroup N of p-power index 
in H such that N < L and, if 99 : H ^ P = H/N denotes the canonical 
projection, then: 

aC-g{x) ny^Kx^-'^ ny^yTK{x^xT)~^ n ... n c 
ip{{aCsix) n vqKxq'^ n yoyiK{xoxi)~^ n ... n yo...yn-iK{xo...Xn^i)~^)L) = 

(* * *). 

where 5 = (p{S), a = ip{a), x = ip{x), xl = ip{xi) (i G {0,...,n}), yj = (p{yj) 
(j € {0,...,n}). Let Q be the HNN extension of P relative to ^{K) and let 
Tp : G ^ Q he the homomorphism induced by ip. Then, by (*) and (**), 
^{g) = lEot"^^...t""^ and ^(/i) = yot"'^yi...t"'"y^ are reduced elements of 
Q. So, in view of (* * *), we have ^(/i) ^ Tp(g)'^^^\ □ 



Lemma 6.6 Lei go = t°-^x\...t°-'^Xn (n> 1) and ho = t^^yi...t^"^ym be cycli- 
cally reduced elements of G. Let hi,..., be elements of G. If hi ^ g^ for 
all i € {l,...,k}, then there exists a normal subgroup L of p-power index in 
H such that, if (f : H P = H/L denotes the canonical projection, if Q 
denotes the HNN extension of P relative to ^p{K) and Tp : G ^ Q denotes 
the homomorphism induced by ip, we have: 

1. pigo) = t°'^'xi...t°'"'x^ andplho) = t^^yr...i^'"y^ are cyclically reduced 
in Q - where xTi =Tp(xi) (i £ {l,...,n}) andyj = 'ip(yj) (j G {l,...n}). 

2. Tp{hi) i p{gof^^) for all i G {l,...,k}. 

Proof: Since K is closed in the pro-p topology on H (see [Loj ) . there 
exists a normal subgroup Lq of p-power index in H such that: 

V i G {l,...,n-l}, x^ i KLq (*), 
Vj G {l,...,m-l}, yj i KLo (**). 

Let i G {1,...,A;}. Since hi ^ g^ , there exists a normal subgroup Li of p- 
power index in H such that, if : H Pi = H/Li denotes the canonical 
projection, if Qi denotes the HNN extension of Pi relative to Pi{K) and if 
Tpl : G ^ Qi denotes the homomorphism induced by pi, we have 'plihi) ^ 
WiimY'^^'^ - by Lemma [631 We set L = Lq n Li... n L^. We note that L 
is a normal subgroup of p-power index in IL. Let p : H ^ P = H/L be 
the canonical projection, let Q be the HNN extension of P relative to P'{K) 
and let ^ : G ^ Q he the homomorphism induced by p. Then since L < 
-^0) ^(go) = i°^xT...i""x^ and piho) = i!^^yi..j!'"^y^ are cyclically reduced 
in Q by (*) and (**) - where xj = p{xi) {i G {l,...,n}) and yJ = p{yj) {j 
G {l,...,m}). Moreover since L < Li for all i G {l,...,k}, we have Tp{hi) ^ 
^(^oF^-^^ for all i G □ 
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Lemma 6.7 LetG = < H,t\ t~^kt = k,y k e K > be an HNN extension. 
Let S be a subgroup of H . Let g = xot"^a;i-.-t""a;n an element of G in 
reduced form (n > 1). Then: 

Cs{g)_= 

Cs{xo...x„) n xqKxq ^ n {xoXi)K{xoXiy^ n ... n {xo...Xn-l)K{xo...X„-i)~^ . 

Proof: Proved in [M]. □ 

Lemma 6.8 Let S be a special subgroup of H. Let L be a normal subgroup 
of p-power index in G and let g = XQt'^^xi...t"'"Xn be an element of G in 
reduced form and not contained in H. Then there exists a normal subgroup 
N of p-power index of H such that if (f : H ^ P = H/N denotes the 
canonical projection, if Q denotes the HNN extension of P relative to ^{K) 
and if'(p: G ^ Q denotes the homomorphism induced by (p, then: 

1- C^isMg)) CTpiGsig)L), 

2. ker{Lp) = N < H n L, 

3. ker{Tp) < L. 

Proof: We have n>l - as g^H. 
As above, K is closed in the pro-p topology on H (see |Lo)). Therefore there 
exists a normal subgroup M of p-power index in H such that: 

V i G {l,...,n-l}, Xi ^ MK (*). 

We set L' = H n L. Note that L' is a normal subgroup of p-power index in 
H. Thus, up to replacing M by M n L', we can assume that M < L'. We 
set X = xo...Xn- We have: 

Csig) = 

Csix) n XqKXq ^ n (xoXi)K(xoXi)"^ n ... n {xo...Xn-l)K{xo...Xn-l)~^ , 

by Lemma 16.71 We denote by / the intersection in the right-hand side. By 
Lemma 16.31 there exists a normal subgroup N of p-power index in H such 
that N < M and if ip : H ^ P = H/N denotes the canonical projection, 
we have: 

C-g{x) niXoKxo'^ nir^'XiK{'XQ'Xi)^^ n ... n 'Xo...Xn-lK{'XQ...Xn-l)~^ C 

ip{LM) 

where S = ^{S), x = ip{x), xl = ip{xi) {i € {0,...,n}). We denote by J 
the intersection in the left-hand side. Let Q be the HNN extension of P 
relative to ^{LC), let ^ : G — > Q be the homomorphism induced by (p. Then 
xot"'^xi...t"'"x^ is a reduced form oi'ip{g) in Q by (*). But then C-^(s')(^(5)) 
= J - by Lemma O Now (p{M) < Lp{L') = Tp{L') < Tp{L). Therefore: 
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C^(sM9)) = JC ifilM) = ip(lMM) C WML) = ip{Cs{g)ML) = 



Finally we remark that ker{ip) = N < AI < L' = H f] L < L. Since keriTp) 
is the normal closure of ker{ip) in G, we conclude that ker(Tp) < L (because 
L is normal in G). □ 

A prefix of t°'^xi...t°'"Xn is an element of G of the form t^'^xi...t'^''Xk for 
some k £ {0,...,n}. We need the following result: 

Proposition 6.9 Let G = < H , t \ t'^kt = k, \/ k e K > he an HNN 
extension. Let g = he a cyclically reduced element of G (n > 

1). Let {pi , . . . ,pn+i} he the set of all prefixes of g - we are not assuming 
thatpi,..., Pri+i are ordered. There are two cases: 

1. if Xn £ K, then n = 1 and Ccig) = < t > Cxig)- 

2. ifxn€H\K, let {pi,...,pm} he the set of prefixes of g satisfying 
p~^gpi G g^ (m G {0,...,n+l}). For each i G {l,...,m}, we choose at 
G K such that p^^ gpi = a~^gai. We set S = {aip^^ \ i G {l,...,m}}. 
Then Gcig) = GK{g) <g>S. 

Proof: Proved in [Mj. □ 

Lemma 6.10 Let L be a normal subgroup of p-power index in G. Let go 
= t'^^xi...t°"^Xn (n > 1) he a cyclically reduced element of G. There exists 
a normal subgroup N of p-power index in H such that, if : H ^ P = 
H/N denotes the canonical projection, if Q denotes the HNN extension of 
P relative to v?(i^) and ifTp: G ^ Q denotes the homomorphism induced 
by if, we have: 

L Gq{W^)) C ^(CG(5o)i), 

2. ker{ip) = N < H n L, 

3. ker{Tp) < L. 

Proof: Let {pi,...,pn+i} be the set of all prefixes of go. Renumbering 
Pi,..., Pn+i, if necessary, we can assume that there exists m G {0,...,n} 
such that p~^goPi G go for all i G {l,...,m} and p^^goPi ^ go for all i G 
{m+l,...,n+l}. For each i G {l,...,m}, we choose ai £ K such that p^^goPi 
= a'^goOi. We set S = {aip^^ \ i G {l,...,m}}. We set hi = p^^goPi 
for all i G {m+l,...,n+l}. By Lemma 16.61 there exists a normal subgroup 
A'^i of p-power index in II such that, \i ^pi : H Pi = H/Ni denotes 
the canonical projection, if Qi denotes the HNN extension of Pi relative 
to ipi{K), and if ^ : G ^ Qi denotes the homomorphism induced by 
(fi, then <^i{go) is cyclically reduced in Qi, and lpi{hi) ^ '^{go)'^^^^^ for 
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all i G {m+l,...,n+l}. On the other hand, by Lemma 16.81 there exists a 
normal subgroup N2 of p-power index in H such that, if (p2 '■ H ^ P2 = 
H/N2 denotes the canonical projection, if Q2 denotes the HNN extension 
of P2 relative to (p2{K) and if ^ : G ^ Q2 denotes the homomorphism 
induced by (/72, we have: C-^(it)(^(5o)) C Tp^{CKigo)L), ker{ip2) < HnL 
and ker{Tp2) < L. We set N = Ni n N2. Note that is a normal subgroup 
of p-power index in H. Let ip : H ^ P = H/N be the canonical projection, 
let Q be the HNN extension of P relative to (p{K) and let ^ : G — )• Q be 
the homomorphism induced by 99. Since N < Ni, ^(50) is cyclically reduced 
in Q and '(p{hi) ^ '^{go)'^^^^ for all i G {m+l,...,n+l}. On the other hand, 
since < we have: 

WHCif{K0i9o))) c ^~HCmK)i'^i9o))) c CK{go)L (*). 
There are two cases: 

Case 1 : Xn G K. Then n = 1, Caigo) = < t > Cxigo) and Cq(^(5o)) = 
< i > C<p(_ft-)(^(9o)) - by Proposition 16.91 Now (*) implies: 

Cq(^(5o)) c < ^(t) > Tp{CK{go)L) =Tp{<t> CK{go)L) = Tp{CG{go)L). 

Case 2 : Xn G H\K. If z E {l,...,m}, ^(pi)" V(5o)^(Pi) = ^{Pi^goPi) G 
^(fl'o)'^^^'' - because p^^goPi G whereas if i G {m+l,...,n+l}, Tp{pi)^^ 
^{9oW{Pi) = ^{hi) i Tp{go)'^'-^\ Therefore {Tp{pi),...,Tp{pm)} is the set of 
ah prefixes of ^(go) satisfying ^(pi)-V(5o)^(Pi) G ^(^o)"^^^^- Now Cclffq) 
= Cxigo) < go > S and Cq(^(5o)) = C'<^(A')(^(9o)) < ^(50) > 5* where S 
= 'ip(S) = {'ip{ai)Tp(pi)~^ I i G {l,...,m}} - by Proposition 16.91 We deduce 
that: 

CQiTpigo)) c Tp{CKigo)L) < ^((50) > ^{S) = (p{CKigo)L <go> S) = 

TpiCcigoW. 

□ 

Proposition 6.11 Let G be a right-angled Artin group of rank r (r > 1). 
Let g € G. Lf g ^ 1, then there exists a special subgroup H of rank r-1 of 
G such that g ^ H'-' . 

Proof: Proved in [M]. □ 

Lemma 6.12 Every special subgroup S of G satisfies the p centralizer con- 
dition in G, pGGc- 

Proof: Let g G G. Let L be a normal subgroup of p-power index in G. 
There are two cases: 
Case 1 : S ^ G. 

Let H he a special subgroup of rank r - 1 of G such that S < H. Then G 
can be written as an HNN extension of H, relative to a special subgroup K 
oiH: 



30 



G = < H,t\ t^^kt = k,y k e K >. 

We set L' = H n L. We note that L' is a normal subgroup of p-power index 
in H. There are two cases: 
Subcase 1 : g € H. 

By the assumptions, the pair {S,g) satisfies the p centrahzer condition in H 
(pCCff)- There exists a normal subgroup M of p-power index in H such 
that M < L' and, ii ip : H ^ P = H/M denotes the canonical projection, 
we have: 

C^isMg)) c ^{Cs{g)L') (*). 

We denote by / : G ^ H the natural homomorphism. We note that f^^{M) 
is a normal subgroup of p-power index in G (because f~^{M) is the kernel of 
the homomorphism ipof). Therefore, N = Ln/~^(M) is a normal subgroup 
of p-power index in G. Moreover N < L and f{N) < M. We denote by 
ip : G Q = G/N the canonical projection. We observe that ker(ip) = 
M, ker{ip) = N, M < f-\M) nLnH = NnHandNnHc f{N) < 
M. Therefore M = N D H. Thus we can assume that P < Q and ip^^ = 
il!. But then tp^L') = Lp{L') C ip{L). Recah that g £ H and S < H. Thus 
considering (*), we obtain: 

C^isMa)) = C^isM9)) c i;{Cs{gmL') c ^{Cs{g)ML) = 

v{Cs{g)L). 

Subcase 2 : g £ G \ H . 

Write g = xoi"^xi...t""x„ in a reduced form (n > 1). Then, by Lemma 16.81 
there exists a normal subgroup M of p-power index in H such that, if ip : 
H ^ P = H/M denotes the canonical projection, if Q denotes the HNN 
extension of P relative to ip{K) and if ^ : G ^ Q denotes the homomorphism 
induced by ip-, then: G:^^g-^{jp{g)) C '4){Gs{g)L)^ ker{il)) < HnL, and ker{'ip) 
< L. We note that V^(5') n V'(^) = n ^(L) < P is finite. Since Q is 
residually p-finite (see |Loj . Lemma 2.8), '0(g)^('^)^'^(^) is finitely p-separable 
in Q. Therefore, by Lemma 13.51 there exists a normal subgroup N of p- 
power index in Q such that < ^p{L) and, if x ^ Q ^ R = Q/N denotes 
the canonical projection, then: 

We set = X o : G ^ R. We have: ker{ip) = ip ^{ker{x)) = "0 ^{^) C 
'0 {ip{L)) = Lker{'ip). Now ker{tlj) < L. Then ker{ip) < L. And: 

XmCs{g)L)^l;iL)) = v{Cs{g)L). 
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Case 2 : S = G. 

li g = 1, then the result is trivial. Thus we can assume that g ^ 1. Then, 
by Proposition 16.111 there exists a special subgroup of rank r - 1 H of G 
such that g ^ H'-'. As usual, G can be written as an HNN extension of H 
relative to a special subgroup K of H: 

G = < H,t\ t-^kt = k,\/ k e K >. 

Let go = f^^xi-.-f^^Xn be a cyclically reduced element in G conjugate to g. 
Choose a E G such that g = agoa~^. Note that g ^ implies that n > 
1. By Lemma 16.101 there exists a normal subgroup M of p-power index in 
H such that, if ijj : H ^ P = H/M denotes the canonical projection, if Q 
denotes the HNN extension of P relative to ip{K) and if ijj : G ^ Q denotes 
the homomorphism induced by ip, then: GQ{ip{go)) C xp{CGigo)L), ker{'tp) 

< H n L and ker^tp) < L. Now Q is hereditarily conjugacy p-separable by 
Corollary 14.31 Then Q satisfies the p centralizer condition by Proposition 
13. 6[ There exists a normal subgroup of p-power index in Q such that N 

< ip{L) and if x ^ Q ^ R = Q/N denotes the canonical projection, we have: 

Ch(x(?(5o))) C x(CQ(V^(5o))?(i)). 

We set (f = X o ijj : G ^ R. As above, we have ker{ip) = ip ^{ker{x)) = 
ip~^{N) C = Lker{'ip). Now ker{ip) < L. Then ker{ip) < L. 

And: 

CR{ip{go)) = C^^G)i'P{9o)) = Cx&p))ix{^i9o))) C x(%G)W5o))?(i)) C 
xi^PiGcigomiL)) = ^{CG{go)L). 

Finally: 

ip{a)CR{ip{go))ip{a)-'^ C ip{a)ip{CG{go)L)ip{a)''^ . 

That is, 

□ 

Lemma 6.13 For every g ^ G and for every special subgroup S of G, g^ 
is finitely p-separable in G. 

Proof: There are two cases: 
Case 1 : S ^ G. 

Let if be a special subgroup of rank r - 1 of G such that S < H. As usual, 
G can be written as an HNN extension of H relative to a special subgroup 
K ofH: 

G = < H,t\ t-^kt = k,y k e K >. 
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Let g & G. There are two cases: 
Subcase 1 : g € H. 

Then g^ is finitely p-separable in H by the assumptions. Since G is residually 
J)- finite by Theorem 16.11 g^ is finitely p-separable in G by Lemma 15.101 
Subcase 2 : g ^ G \ H . 

Let h G G\g^ . By Lemma [631 there exists a normal subgroup L of p-power 
index in H such that, if (/? : H ^ P = H/L denotes the canonical projection, 
if Q denotes the HNN extension of P relative to ^{K) and if ^ : G ^ Q 
denotes the homomorphism induced by (f, we have '<f{h) ^ '(p(g)'^^^\ Now 
Tp{S) = ip{S) < P is finite and Q is residually p-finite (see |Lo| . Lemma 2.8). 
Then there exists a homomorphism x '■ Q ~^ R from Q onto a finite j?-group 
R such that xi^ih)) ^ xi'^id)^''^^)- We set ip = x °^ ■ G ^ R. It is clear 
that suits. 
Case 2 : S = G. 
Let 5 € G. 

If g = 1, then, since G is residually p-finite by Theorem 16.11 g^ = {1} 
is finitely p-separable in G. Thus we can assume that g ^ 1. Then, by 
Proposition 16.111 there exits a special subgroup of rank r - 1 H of G such 
that g ^ H'^. As usual, G can be written as an HNN extension of H relative 
to a special subgroup K of H: 

G = < H,t\ t-^kt = k,y k e K >. 

Let h £ G\g^ . Let g'o = t°-^xi...t°-"Xn and /iq = t^^yi...t^"'ym be cyclically 
reduced elements of G conjugate to g and respectively. Note that g ^ H'^ 
implies that n > 1. There are two cases: 

Subcase 1 : ho £ H. Then, by Lemma 16.61 there exists a normal subgroup 
L of p-power index in H such that, if (/? : H ^ P = H/L denotes the 
canonical projection, if Q denotes the HNN extension of P relative to ^{K) 
and Tp : G ^ Q denotes the homomorphism induced by (p, we have: Tp{go) 
= t°'^xi...t°'"x^ is cyclically reduced in Q - where xj = Tp{xi) {i G {l,...,n}). 
Since n > 1, we have: ^(go) ^ P'^ = ^{H^). Therefore ^(^o) ^ ^(^o)'^ = 
ip{h^) C ^{H^). Now Q is conjugacy p-separable by Corollary 14.31 Thus 
there exists a homomorphism x from Q onto a finite p-group R such that 
x(^((?o)) ^ xivi^o))^ ■ We set ip = X ° '■ G ^ R. It is clear that ip suits. 
Subcase 2 : /iq £ G\H. Let be the set of all cyclic permutations 

of ho- Then, since h ^ g^ , we have: hi ^ g^ for all i G {l,...,m}. Therefore, 
by Lemma [6. 61 there exists a normal subgroup L of p-power index in H such 
that, a if : H ^ P = H/L denotes the canonical projection, if Q denotes the 
HNN extension of P relative to ^p{K) and 'if : G —> Q denotes the homomor- 
phism induced by (f, then: '<f{go) = and Tpiho) = l!'^yi..A^'^Jf^ 
are cyclically reduced in Q - where ^ = ^(xj) (i G {l,...,n}) and yj = '^{vj) 
{j G {l,...n}) - and ^(/ij) ^ ^(so)'^''^^ for all i G {l,...,m}. Consequently, by 
Lemma [231 ^(50) ^ ^{ho)^ ■ Now Q is conjugacy p-separable by Corollary 
14. 3[ Then there exists a homomorphism x from Q onto a finite p-group R 
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such that: xi^igo)) ^ xi^iho)) ■ Therefore x{'P{g)) i x{v{h)) ■ We set -0 
= X°'^ '■ G R. It is clear that ip suits. □ 

Proof of Proposition \ 6.SX We argue by induction on the rank r of G. If 
r = 0, then the result is trivial. Thus we can assume that r > 1 and that 
the result has been proved for 1,..., r - 1. Now, Proposition 16.21 1 follows 
from Lemma and Proposition 16.21 2 follows from Lemma 16.131 □ 

We are now ready to prove: 

Theorem 6.14 Every right-angled Artin group is hereditarily conjugacy p- 
separable. 

Proof: Let G be a right-angled Artin group. Let g £ G. Then g'-' is 
finitely p-separable in G by Proposition l6.2l l. We deduce that G is conjugacy 
p-separable. On the other hand, G satisfies the p centralizer condition by 
Proposition 16.21 2. We conclude that G is hereditarily conjugacy p-separable 
by Proposition 13.61 □ 

7 Applications 

The first application that we mention is an application of our main result 
to separability properties of right-angled Artin groups. 

Recall that a group is said to be conjugacy /C-separable, where /C is a class 
of groups, if for all g, h G, either (7 ~ /i, or there exists a homomorphism 
(f from G to some group of /C such that ip{g) 00 ip{h). 

For a group G, we denote by {C^{G))n>i the lower central series of G. 
Recall that (C"(G))„>i is defined inductively by C^{G) = G, and 
= [G,C"(G)] for all n > 1. 

Theorem 7.1 Every right-angled Artin group is conjugacy K,- separable, whe- 
re K, is the class of all torsion-free nilpotent groups. 

Proof: Let G be a right-angled Artin group. Let g, h £ G such that g 00 
h. Let p be a prime number. Then G is conjugacy p-separable by Theorem 
I6.14[ Thus, there exists a homomorphism ip from G onto a finite group P 
such that ^p{g) ^ 'p{h). Now, P is nilpotent. Therefore, there exists n > 1 
such that G"{P) = {1}. Let tt : G ^ C"{G) canonical projection. 

It follows from [DK2] that ^tt^jj is a torsion- free nilpotent group. Since 
(p{C"'{G)) < G'^{P) = {1}, (f induces a homomorphism if : j^T^jy P such 
that (p = if o TT. As f{g) fih), we have TT{g) 00 Tr{h). □ 
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We turn now to applications of our main result to residual properties of 
outer automorphism groups of right-angled Artin groups. 

Let G be a group. An automorphism of G is said to be conjugating if 
for every g ^ G, ip{g) ~ g. We say that G has Property A if every conjugating 
automorphism of G is inner. Minasyan proved (see |Mj): 

Proposition 7.2 Right-angled Artin groups have Property A. 

Let G be a group. We denote by Ip{G) the kernel of the natural ho- 
momorphism Out{G) — )• GL{Hi{G,Fp)) (where Fp denotes the finite field 
with p elements) . Paris proved (see [P] ) : 

Theorem 7.3 Let G be a finitely generated group. If G is conjugacy p- 
separahle and has Property A, then Ip{G) is residually p-finite. 

Recall that a group G is said to be virtually V, where "P is a group 
property, if there exists a finite index subgroup H < G such that H has 
Property V. We are now ready to prove: 

Theorem 7.4 The outer automorphism group of a right-angled Artin group 
is virtually residually p-finite. 

Proof: This follows immediately from Theorem Proposition 17.21 

and Theorem 17.31 □ 

Recall that a group G is /C-residual, where /C is a class of groups, if for 
all g € there exists a homomorphism ip from G to some group of IC 

such that ip{g) ^ 1. Myasnikov proved (see |My| ): 

Theorem 7.5 Let G be a finitely generated group. If G is conjugacy p- 
separahle and has property A, then Out{G) is IC-residual, where JC is the 
class of all outer automorphism groups of finite p-groups. 

We are now ready to prove: 

Theorem 7.6 The outer automorphism group of a right-angled Artin group 
is IC-residual, where IC is the class of all outer automorphism groups of finite 
p-groups. 

Proof: This follows immediately from Theorem 16. 14^ Proposition 17.21 
and Theorem 17.51 □ 

The next application was suggested to the author by Ruth Charney and 
Luis Paris. 
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Let G = Gy be a right-angled Artin group. Let r be the rank of G. We 
denote by T{G) the kernel of the natural homomorphism Aut[G) GLr(Z) 
and by T{G) the kernel of the natural homomorphism Out{G) — )• GLr(Z). 
We call T{G) the Torelh group of G. Note that T{G) = T{G)/Inn{G). Li 
|D2| . Day proved that T[G) is finitely generated. Therefore T{G) is finitely 
generated. Now, we prove the following: 

Theorem 7.7 The Torelli group of a right-angled Artin group is residually 
torsion-free nilpotent. 

In order to prove Theorem 17.71 we have to introduce the notion of sepa- 
rating Z-linear central filtration. 

Recall that a central filtration on a group G is a sequence (G„)n>i of 
subgroups of G satisfying the conditions: 

G\ = G, 

Gn > Gn+1, 

[Gm,Gn] < Gm+n for all m, n > 1. 

Let J- = {Gn)n>i be a central filtration. Then the mapping G x G ^ 

G, {x,y) 1-^ xyx^^y^^ induces on: 

^AG) = 0„>i 

a Lie bracket which makes Cj^{G) into a graded Lie Z-algebra. 

We say that (Gn)n>i is a separating filtration if n„>iG„ = {!}. We say 
that {Gn)n>i is Z-linear if for all n > 1, the Z-module q''^^ is free of finite 
rank. 

For a group G, we denote by (C^(G))„>i the sequence of subgroups of G 
defined inductively by G^{G) = G, and [G, G^{G)] < C^+^G) and 
is the torsion subgroup of j ^'^gi'^^^ j for all n > 1. 

Proposition 7.8 For allm, n> 1, [C^ (G) , G^{G)] < C7^+"(G). 

Proof: Proved in [BLj (see Proposition 7.2). □ 

Thus, (C^(G))„>i is a central filtration on G. We denote by C^^iG) the 
corresponding graded Lie Z-algebra. 

For a group G, we denote by Ab{G) the abelianization jfj^ of G, and 
by .^(G) the center of G. For a Lie algebra g, we denote by Z{q) the center 
of 0. 

Let G be a group. For n > 1, we denote by An the kernel of the natural 
homomorphism Aut{G) Aut{ ). Let vr : Aut(G) ^> Out{G) be the 

canonical projection. For n > 1, we set = n^Gn)- 
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Theorem 7.9 If Ab{G) is finitely generated, and Z{Fp(^^ C'z{G)) = {0} for 
every prime number p, then {Bn)n>i is a 'E-linear central filtration on Bi. 
Furthermore, {Bn)n>i is separating if and only if G satisfies the condition: 

(IN[G)): For every ip G Aut{G\ if (p induces an inner automorphism of 
(jiFf^Q^ for all n > 1, then (p is inner. 

Proof: Proved in |BL] (see Corollary 9.9). □ 

From now on, we assume that G = Gy is a right-angled Artin group of 
rank r [r > 1). We shall show that G satisfies the conditions of Theorem 
17.91 Since Bi is precisely the Torelli group of G, Theorem 17.71 will then 
result from the following: 

Theorem 7.10 Let B be a group. Suppose that B admits a separating Z- 
linear central filtration, (i?n)n>i- Then B is residually torsion-free nilpotent. 

Proof: Proved in [BL] (see Theorem 6.1). □ 

We need to introduce the following notations. Let be a commutative 
ring. We denote by Mr the monoid defined by the presentation: 

Mr = <V \ vw = wv, V {v,w} € >, 

by Ay the associative iC-algebra of the monoid Mr, and by Lr the Lie 
-fC-algebra defined by the presentation: 

Lr = < V \ [v;w] = 0,y {v,w} e E >. 

The following theorem is due to Duchamp and Krob (see |DK] ): 

Theorem 7.11 The K -module Lr is free. 

Thus, by the Poincare-Birkhoff-Witt theorem, Lr can be regarded as 
a Lie subalgebra of its enveloping algebra, for which Duchamp and Krob 
established the following (see [DKj ): 

Theorem 7.12 The enveloping algebra of Ly is isomorphic to A^. 

Furthermore, in |DK2j . Duchamp and Krob proved the following theo- 
rem, which generalizes a well-known theorem of Magnus (see |MKSj ): 

Theorem 7.13 Suppose that K = The graded Lie Z-algebra associated 
to the lower central series of G is isomorphic to Lr- 
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Let Z= r\v(z.ystar(v). Then Z{G) is the special subgroup of G generated 
by Z . Let H be the special subgroup of G generated V\Z . We have: G 
= H X Z. The proof of Theorem 17.71 will use the following: 

Lemma 7.14 Suppose that Z{Gr) = {!}■ Then Z{Lr) = {0}. 

Proof: Let g € Z{Lr). Suppose that g ^ 0. Let v G V. We have [g;v] 
= (in Lr). Now, Lr can be regarded as a Lie subalgebra of by Theo- 
rem [7TT] and Theorem I7.12[ Thus, we have gv = vg (in ^r)- Therefore g 
belongs to the subalgebra of generated by star{v) (see |KR] ) . Since v is 
arbitrary, this leads to a contradiction with our assumption. □ 

Remark: In the above lemma, K is arbitrary. 

From now on, we assume that K = TL. Recall that (C"'(G))„>i denotes 
the lower central series of G. We are now ready to prove: 

Theorem 7.15 The Torelli group of a right-angled Artin group is residually 
torsion-free nilpotent. 

Proof: Let Z= r\v<=vstar{v). Then Z{G) is the special subgroup of G 
generated by Z. Let H be the special subgroup of G generated hy V \ Z. 
We have: G = Hx Z{G). Note that Z{H) = {!}. First, we show that T{G) 
= T{H). Let ip : T{G) — ?• T[H) be the homomorphism defined by: 

(p{a){h,k) = {a{h),k), 

for all a € T(G), h G H, k £ Z{G). Clearly, is well-defined and injective. 
We shall show that (p is surjective. Let /3 G T{G). For g £ G, we set (3{g) = 
{Pi{g),l32{g)), where I3i{g) G H and I32{g) G Z{G). Let h £ H. We denote 
by h the canonical image of h in Ab{H). Note that the canonical image of 
h in A h{G) = Ab{H) x Z{G) is (7^,1). Since /? G T{G), we have: (7^,1) = 
(/3i(/i),/32(/i)), and then /32(/i) = 1. Let k G Z{G). Since (3{k) lies in the 
center of G, we have (3i{k) = 1. Note that the canonical image of k in Ab{G) 
is (1,A;). As /? G T{G), we have /32{k) = k. Finally, we have: 

f3ih,k) = mh),k), 

for all h £ H and k G Z{G). Applying the same argument to /3~^, we obtain 
that the restriction a of /3i to H is an automorphism of H. Therefore /3 = 
99(a). We have shown that T{G) = T{H). It is easily seen that this implies 
that T(G) = T{H). Thus, up to replacing G by iJ, we can assume that 
Z[G) = {!}. On the other hand, it follows from |DK2| that for all n > 1, 
there exists (i„ € N such that: 
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Now, for all n > 1, C"'{G) < C^{G), and q„(^q^ is the torsion subgroup of 
by [BL], Proposition 7.2. It follows that C^{G) = C"(G) for all n 
> 1, and that = Lr by Theorem 17.131 Since Z{G) = {1}, we have 

Z(Fp (g) Lr) = {0} for every prime number p - by Lemma 17. 141 We deduce 
that {Bn)n>i is a Z-linear central filtration on T{G) by Theorem 17.91 Now, 
let (f € Aut{G) such that 93 induces an inner automorphism on q-^(^q^ for all 
n > 1. Let g & G. Suppose that if{g) and 5 are not conjugate in G. Then 
it follows from the proof of Theorem 17.11 that there exists n > 1 such that 
the canonical images of (p{g) and g in q^^q-j are not conjugate in ^^T^jy - 
contradicting our assumption. Thus ip is conjugating. Therefore ip is inner 
by Proposition 17.21 We deduce that (-Bn)n>i is separating by Theorem 17.91 
We conclude that T{G) is residually torsion- free nilpotent by Theorem 17. 101 

□ 

Corollary 7.16 The Torelli group of a right-angled Artin group is residu- 
ally p-finite for every prime number p. 

Proof: This follows immediately from Theorem l7.15l and Theorem 2.1.(i) 
in [G]. □ 

Corollary 7.17 The Torelli group of a right-angled Artin group is bi-order- 
able. 

Proof : This follows immediately from Theorem 17.151 and [R] (see also 
[MR] . Theorem 2.4.8.). □ 
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